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Abstract
It is proven that the Poincare´ symmetry determines equations of motion,
which are for massless particles of any spin in d-dimensional spaces linear in
the momentum: (W a = αpa)|Φ〉 with W a the generalized Pauli-Ljubanski
vector. The proof is made only for even d and for fields with no gauge sym-
metry. We comment on a few examples.
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I. INTRODUCTION.
The ordinary space-time which we seem to experience is four-dimensional. However,
besides the ordinary space-time, the internal space of spin and charges is equally impor-
tant. Without spins and charges the World would manifest no dynamics - noninteracting
chargeless scalar fields could form no matter. Theories of strings and membranes [1] as well
as Kaluza-Klein theories [2] are predicting more than four-dimensional ordinary space-time.
One of us [3–10] has proposed the approach, which describes geometrically not only the
ordinary space-time but also the internal space of spins and charges, unifying spins and
charges. In this approach the internal space is described by a vector space spanned over the
anticommuting coordinate space of the same dimension d as that of ordinary space-time. To
describe the physics of the Standard model both spaces, the one of commuting and the one
of anticommuting coordinates, have to be more than four-dimensional. In d-dimensional
space-time only spin degrees of freedom exists. It is the appropriate break of symmetry,
which in four-dimensional subspace makes the spin manifesting itself as the spin and the
known charges. In all theories with d > 4 the question arises why Nature has made a
choice of four-dimensional subspace with one time and three space coordinates and with the
particular choice of charges beside the spin degree of freedom for either spinors or vectors.
Mankocˇ and Nielsen [11,12] proved that in d-dimensional spaces, with even d, the spin
degrees of freedom require q time and (d−q) space dimensions, with q which has to be even.
Accordingly in four-dimensional space Nature could only make a choice of the Minkowski
metric. This proof was made under the assumption that equations of motion are for massless
fields of any spin linear in the d-momentum pa, a = 0, 1, 2, 3, 5, . . . , d. (In addition, also
the Hermiticity of the equations of motion operator as well as that this operator operates
within an irreducible representation of the Lorentz group was required.) Our experiences
tell us that equations of motion of all known massless fields are linear in the four-momentum
pa, a = 0, 1, 2, 3. We are refering [13] to the Dirac equation of motion for massless spinor
fields and the Maxwell or Maxwell-like equations of motion for massless vectorial fields. One
2
of us together with A. Borsˇtnik [8] has shown that the Weyl-like equations exist not only
for spinors but also for vectors.
In this paper we present the proof that equations of motion for free massless parti-
cles in even-dimensional spaces, if manifesting the Poincare´ symmetry, are linear in the
pa−momentum. For four dimensional space-time Wigner [14] clarified that as far as masses
and spins are concerned (point-like) particles can be described by their properties under
transformations of the Poincare´ group. The classification of particles with respect to the
unitary discrete representations of the Poincare´ group can be found in Weinberg [15], for
example. In his language equations of motion are those equations that constrain a solu-
tion space to a certain Poincare´ group representation. For spinors this leads to the Dirac
equation and for vectors to the Maxwell equations [16]. The aim of this paper is to use
similar techniques for massless particles in general even-dimensional spaces. We prove that
in even-dimensional spaces, for any d = 2n, free massless fields |Φ〉
(papa = 0) |Φ〉, a = 0, 1, 2, 3, 5, · · · , 2n (1)
of any spin satisfy equations of motion which are linear in a d-momentum pa = (p0,−→p )
(W a = αpa) |Φ〉, a = 0, 1, 2, 3, 5, . . . , d, (2)
with α =
−→
S ·−→p
|p0|
to be determined in this paper1. For spinors, which will be determined in
Eq.(7), α = ±1
2
. The proof is made only for fields with no gauge symmetry and with a
nonzero value of the handedness operator [4] Γ(int)
1After this paper appeared on hep-th W. Siegel let us know that equations (Sabpb +wp
a = 0)|Φ〉
are the linear equations in pa-momentum, as well as in Sab, which all irreducible representations
of massless fields in any d obey, and that these equations can be found in his book [20] and in
his paper [19]. Following derivations of this paper in section (IV) one easily proves that solutions
of Siegel’s equations belong to irreducible representations of the Poincare´ group. The proof is
simpler than for our equations (W a = αpa)|Φ〉. Both equations are of course equivalent. Following
our derivations one finds that the constant w in the Siegel’s equation is w = ln, with ln defined
3
Γ(int) = β εa1a2...ad−1adS
a1a2 . . . Sad−1ad , (3)
which commutes with all the generators of the Poincare´ group. We choose β so that Γ(int) =
±1. For spinors (Eq.(7)) β = i 2
n
(d!)
, while for fields of a general spin β will be determined in
section III. Operators Sab are the generators of the Lorentz group SO(1, d− 1) in internal
space, which is the space of spin degrees of freedom. In Eq.(2) W a is the generalized Pauli-
Ljubanski [4] d-vector
W a = ρ εaba1a2...ad−3ad−2pbS
a1a2 . . . Sad−3ad−2 . (4)
We define [12] Si as the d− 1 vector
Si = ρ ε0ia1a2···ad−3ad−2S
a1a2 · · ·Sad−3ad−2 (5)
and determine the value of ρ so that the eigenvalues of Si are independent of a dimension and
the same as in four-dimensional space. We will show that this dictates the choice ρ = 2
n−2
(d−2)!
for spinors (Si = ±1
2
) and ρ = 1
2n−1(n−1)!2
for vectors (Si = ±1, 0). Eq.(2) also guarantees
that Eq.(1) is fulfilled for all massless fields with no gauge freedom and with nonzero spin.
We prove that for spinors in d-dimensional space Eq.(2) is equivalent to the equation
(Γ(int)p0 =
1
|α|
−→
S · −→p )|Φ〉. (6)
with 1
|α|
equal to 2 for any d=2n, while for a general spin Eq.(2) may impose additional
conditions on the field.
We recognize the generators Sab to be of the spinorial character, if they fulfil the relation
{Sab, Sac} =
1
2
ηaa ηbc, no summation over a, (7)
with {A,B} = AB +BA.
in Eq.(22). One derives our equation from the Siegel’s one for even d after some rather tedious
calculations if multiplying it by εaca1a2...ad−3ad−2S
a1a2 · · ·Sad−3ad−2 . The way how we present the
linear equations of motion has several obvious advantages, which reader will easily find by himself.
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In this paper the metric is, independently of the dimension, assumed for simplicity to be
the Minkowski metric with ηab = δab(−1)A, A = 0, for a = 0 and A = 1, otherwise.
The paper is arranged as follows:
We first present in section II the infinitesimal generators of the Poincare´ group in d-
dimensional spaces, the corresponding algebra and the Casimirs. We define appropriate d-
vectors and (d− 1)-vectors (some of them can be defined only in even-dimensional spaces),
and present their properties and their commutation (and for spinors anticommutation) re-
lations.
In section III we review representations of the Lorentz group and determine the parameter
β of Eq.(3), specifying the Casimir Γ(int) for a general spin.
In section IV we define the generators of the little group and the constraints, which the
generators of the little group have to fulfil in order to define discrete representations of the
Poincare´ group. We determine the factor α in Eq.(2), so that the equation Eq.(2) holds
on discrete representations of the Poincare´ group and represents accordingly a promising
candidate for equations of motion.
In section V we investigate the solutions of Eq.(2) on spaces with Γ(int) 6= 0. We show
that they form irreducible representations of the Poincare´ group (barring the sign of energy
degeneracy) and in this sense we prove that Eq.(2) is the equation of motion.
At the end we comment in section VI on spinorial representations and on vectorial (we
shall define these representations later) representations in any d = 2n-dimensional spaces.
II. POINCARE´ SYMMETRY.
The generators of the Poincare´ group, that is the generators of translations pa and the
generators of the Lorentz transformations Mab (which form the Lorentz group), fulfil in any
dimension d, even or odd, the commutation relations:
[pa, pb] = 0,
[Mab,M cd] = i(ηad M bc + ηbc Mad − ηac M bd − ηbd Mac),
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[Mab, pc] = i(ηbc pa − ηac pb). (8)
The generators of the Lorentz transformations of the internal group Sab (Mab = Lab + Sab,
with Lab = xapb − xbpa) fulfil the same commutation relations as Mab (as do also Lab by
themselves) and commute with pa (commutation relations for [Lab, pc] are the same as for
Mab).
There are n commuting operators of the Lorentz group in d-dimensional spaces, for either
d = 2n+ 1 or d = 2n, namely M01,M23, · · · ,Md−1 d (or any other set of generators with all
different indices) and accordingly n Casimirs of the Lorentz group. There are two Casimirs
of the Lorentz group [4,6], which are easily found to be:
M2 : =
1
2
MabMab and
Γ : = β εa1a1···a2n−1a2n M
a1a2 · · ·Ma2n−1a2n . (9)
The second Casimir of Eq.(9) can only be defined for d = 2n. We see that Γ(int) from Eq.(3)
follows from Γ by replacing Mab by Sab and that Γ(int) commutes with all the generators of
the Poincare´ group.
With the help of Γ the generalized Pauli-Ljubanski vector as presented in Eq.(4) can be
defined as
W a = −i
ρ
2nβ
[Γ, pa], (10)
with β and ρ from Eqs.(3, 4) for any even d. W a in Eq.(10) can be as well expressed by Sab
instead by Mab. One immediately finds that
W apa = 0. (11)
Lemma II.1: W aWa is the Casimir of the Poincare´ group and so is p
apa.
Proof: The proof goes, by taking into account Eq.(10) and the Lie algebra of the Poincare´
group, as follows
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[W aWa,M
bc] = −i
ρ
2nβ
{Wa [[Γ, p
a],M bc] + [[Γ, pa],M bc]Wa} =
= −i
ρ
2nβ
{Wa [Γ, [p
a,M bc]] + [Γ, [pa,M bc]]Wa} = 0. (12)
The proof that W aWa commutes with p
b is obvious due to Eq. (4), while the proof that
papa commutes with M
bc is straightforward.
The following commutation relations follow
[pa,W b] = 0,
[Mab,W c] = −i(ηacW b − ηbcW a),
[
1
p0
,W a] =
i
(p0)2
(ηa0pb − ηb0pa). (13)
To prove the first equation of Eqs.(13) is straightforward. To prove the second one,
Eq.(10) as well as Jacobi identity [Mab, [Γ, pc]] + [pc, [Mab,Γ]] + [Γ, [pc,Mab]] = 0 have to be
taken into account. To prove the third of the above equations the equations [Mab, p
0
p0
] = 0 =
1
p0
[Mab, p0] + [Mab, 1
p0
]p0 have to be taken into account. This type of a proof was used also
in the ref.( [16]).
We present, for the spinorial case only, the commutation and anticommutation relations
for (d− 1)-vectors Si, which are defined in Eq.(5)
[Si, Sj] = i(−1)i−jSij, {Si, Sj} =
1
4
ηij. (14)
III. REPRESENTATIONS OF LORENTZ GROUP IN INTERNAL SPACE.
In this section we introduce the notation for ireducible representations of the Lorentz
group SO(1, d − 1) (or SO(d)) for d = 2n, denoting an irreducible representation by the
weight of the dominant weight state of the representation. This exposition of the subject
follows those of [17], [18]. We also express the two Casimirs of Eq.(9) in terms of the
dominant weight. We pay attention only to the internal degrees of freedom for the Lorentz
group, that is to a spin.
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The Lie algebra of SO(1, d − 1) is spanned by the generators Sab, which satisfy the
commutation relations of the second equation of Eqs.(8)
[Sab, Scd] = i(ηad Sbc + ηbc Sad − ηac Sbd − ηbd Sac). (15)
We choose the n commuting operators of the Lorentz group SO(1, d− 1) as follows
− iS0d, S12, S35, . . . , Sd−2 d−1 (16)
and call them C0, C1, C2, . . . , Cn−1, respectively.
(Everything what follows will be valid also for the group SO(d), provided that the gen-
erators −iS01,−iS02, . . . are corespondingly replaced, that is by S01, S02, . . ., respectively.)
We say that a state |Φw〉 has the weight (w0, w1, w2, . . . , wn−1) if the following equations
hold
Cj |Φw〉 = wj|Φw〉, j = 0, 1, . . . , n− 1. (17)
According to the definition in Eq.(16), weight components w0, w1, w2, . . . , wn−1 are always
real numbers.
We introduce the raising and lowering operators
Ejk(λ, µ) :=
1
2
((−i)δj0Sj−k− + iλSj+k− − i1+δj0µSj−k+ − λµSj+k+), (18)
with 0 ≤ j < k ≤ n− 1, λ, µ = ±1 and 0− = 0, 0+ = d, 1− = 1, 1+ = 2, 2− = 3, 2+ = 5 and
so on. For these operators the following commutation relations hold
[Ejk(λ, µ), Cl] = (δjlλ+ δklµ)Ejk(λ, µ). (19)
Therefore, if the state |Φw〉 has the weight (w0, w1, . . . , wn−1) then the state Ejk(λ, µ)|Φw〉
has the weight (. . . , wj + λ, . . . , wk + µ, . . .).
We now proceed to the definition of the dominant weight. We fix q ∈ {+1,−1} and call
the state |Φl〉 with the property
Ejk(q,±1)|Φl〉 = 0, 0 ≤ j < k ≤ n− 1 (20)
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the dominant weight state. This state is (up to a scalar multiple) uniquely determined
by the irreducible representation in question and vice versa, knowing the dominant weight
state of a particular representation (or any state of a particular representation), all the
others are obtained by the application of the generators Sab. We will denote the irreducible
representation of the Lorentz group SO(1, d−1) by the weight of the dominant weight state:
(ln, ln−1, . . . , l2, l1)q with the index q attached to distinguish which definition of the dominant
weight state we are using. Numbers ln, ln−1, . . . , l2, l1 are either all integer or all half integer
and satisfy
ln ≥ ln−1 ≥ . . . ≥ l2 ≥ |l1| (21)
in case q = +1 or
ln ≤ ln−1 ≤ . . . ≤ l2 ≤ −|l1| (22)
in case q = −1.
The correspondence between the two notations is given by the fact that the following
representations are equivalent
(ln, ln−1, . . . , l2, l1)+1 = (−ln,−ln−1, . . . ,−l2, (−1)
n−1l1)−1. (23)
In section V we will find it useful to work with the notation q = +1 when dealing with the
positive energy (p0 > 0) representations and with q = −1 when dealing with the negative
energy (p0 < 0) representations.
For future use we reformulate the condition (20) which determines the dominant weight
state. It follows from Eq.(18) that
− i(E0k(q,+1) + E0k(q,−1)) = −S
0k− + qSdk−,
−E0k(q,+1) + E0k(q,−1) = −S
0k+ + qSdk+ (24)
for k = 1, 2, . . . , n− 1. Eq.(20) then implies
(S0i + qSid)|Φl〉 = 0, i = 1, 2, 3, 5, . . . , d− 1. (25)
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Similarly, we obtain the following conditions
(S1i + qiS2i)|Φl〉 = 0, i = 3, 5, . . . , d− 1, (26)
(S3i + qiS5i)|Φl〉 = 0, i = 6, 7 . . . , d− 1, and so on. (27)
By reversing this process we can also conclude that Eqs.(25), (26),(27) imply (20). They
are therefore equivalent to condition (20).
We now determine the values of the two Casimirs of Eq.(9) for a particular irreducible
representation (ln, ln−1, . . . , l2, l1)q. Since the Casimirs (Eq.(9)) are scalars it suffices to
determine their value on the dominant weight state |Φl〉. Since the dominant weight state
satisfies Eqs.(25),(26),(27) which are not invariant to the permutations of C0, C1, . . . , Cn, we
don’t expect the values of Casimirs to be symmetric in ln, ln−1, . . . , l1. It will turn out this
is indeed the case.
We now find for the Casimir M2 (which we shall denote when useful by M2d ) from Eq.(9)
M2d =
1
2
SabSab = −(S
0d)2 − S0iS0i + SdiSdi +
1
2
SijSij. (28)
We use Eq.(25) and the relation S0iS0i − SdiSdi = (S0i − qSdi)(S0i + qSdi) − q[S0i, Sdi] to
find
(S0iS0i − SdiSdi)|Φl〉 = iq(d− 2)S
0d|Φl〉, =⇒
M2d |Φl〉 = (−q(d− 2)iS
0d − (S0d)2 +
1
2
SijSij)|Φl〉,
M2d |Φl〉 = ((d− 2)qln + l
2
n +M
2
d−2)|Φl〉. (29)
The operators Sij belong to the Lie algebra of the subgroup SO(d−2) of the group SO(1, d−
1) acting only on coordinates 1, 2, . . . , d− 1. We may use Eq.(29) inductively to express the
Casimir M2d
M2d |Φl〉 = (ln(ln + q(d− 2)) + ln−1(ln−1 + q(d− 4)) + . . .+ l2(l2 + 2q) + l
2
1)|Φl〉. (30)
We proceed with the Casimir Γ(int) of Eq.(3) in a similar way as withM2 (again sometimes
using the subscript d to point out the dimension of space-time). We define
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Γ˜
(int)
d := Γ
(int)/β = εa1a2...ad−1adS
a1a2Sa3a4 . . . (31)
and note
Γ˜
(int)
d /(2n) = S
0dε0da1a2...ad−3ad−2S
a1a2Sa3a4 . . .+
+2(n− 1)ε0idja1a2...ad−5ad−4S
0iSdjSa1a2Sa3a4 . . . . (32)
Applying Γ˜
(int)
d /(2n) on the dominant weight state and taking into account Eq.(25) we
find
(Γ˜
(int)
d /(2n)− S
0d(ε0da1a2...ad−3ad−2S
a1a2Sa3a4 . . .)|Φl〉 =
= (n− 1)(ε0idja1a2...ad−5ad−4(S
0iSdj − S0jSdi)Sa1a2Sa3a4 . . .)|Φl〉 =
= (n− 1)q(ε0idja1a2...ad−5ad−4(S
0iS0j − S0jS0i)Sa1a2Sa3a4 . . .)|Φl〉 =
= (n− 1)q(ε0idja1a2...ad−5ad−4 [S
0i, S0j ]Sa1a2Sa3a4 . . .)|Φl〉 =
= i(n− 1)q(ε0dija1a2...ad−5ad−4S
ijSa1a2Sa3a4 . . .)|Φl〉.
It therefore follows that
Γ˜
(int)
d |Φl〉 = 2ni(ln + q(n− 1))(ε0da1a2...ad−5ad−4S
a1a2Sa3a4 . . .)|Φl〉 =
2ni(ln + q(n− 1)) Γ˜
(int)
d−2 |Φl〉, (33)
where we have taken into account that Γ
(int)
d−2 refers to the handedness operator for subgroup
SO(d−2) ≤ SO(1, d−1) acting on coordinates 1, 2, . . . , d−1. We could repeat this process
for Γ
(int)
d−2 with equations
(S1i + iqS2i)|Φl〉 = 0, i = 3, 5, . . . , d− 1 (34)
taking place of Eqs.(25). We obtain
Γ˜
(int)
d−2 |Φl〉 = 2(n− 1)(ln−1 + q(n− 2))(ε0d12a1a2...ad−3ad−2S
a1a2Sa3a4 . . .)|Φl〉 =
= 2(n− 1)(ln−1 + q(n− 2)) Γ˜
(int)
d−4 |Φl〉.
We note the absence of a factor i in the last equation. Repeating this process inductively
we find
11
(Γ˜
(int)
d = 2
nn!i(ln + q(n− 1))(ln−1 + q(n− 2)) . . . (l2 + q)l1)|Φl〉. (35)
(Had we been dealing with the group SO(d) the result would have been similar, the only
difference being the absence of i in the previous equation.) We have therefore obtained
Γ(int) |Φl〉 = 2
nn!iβ
n∏
j=1
(lj + q(j − 1))|Φl〉. (36)
It follows from (35) that on spaces (ln, . . . , l1)+1 with nonzero handedness (Γ˜
(int)
d 6= 0⇔
l1 6= 0) we must take
β =
i
2nn!(ln + n− 1) . . . (l2 + 1)|l1|
, d = 2n, (37)
to obtain Γ(int) = ±1. In what follows we assume this choice of β has been made.
IV. LITTLE GROUP.
In this section we characterize the unitary massless discrete representations of the
Poincare´ group and work out some of their properties. In doing so we follow the little
group method [15].
For momenta pa appearing in an irreducible massless representations of the Poincare´
group it holds
papa = 0, p
0 > 0 or p0 < 0 (38)
(we omit the trivial case p0 = 0). We denote r = p
0
|p0|
. The Poincare´ group representation is
then characterized by the representation of the so-called little group, which is a subgroup of
the Lorentz group leaving some fixed d-momentum pa = ka satisfying Eq.(38) unchanged.
Let us make the choice of ka = (rk0, 0, · · · , 0, k0), with r = ±1, k0 > 0. The infinites-
imal generators of the little group ωabM
ab, (ωij = −ωji) can be found by requiring that,
when operating on the d-vector ka, give zero so that accordingly the corresponding group
transformations leave the d-vector ka unchanged
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e−i
1
2
ωbcM
bc
ka = ka, or equivalently
ωbcM
bcka = 0. (39)
We see that Eq.(39) requires
0 =


0 −ω01 . . . −ω0d
ω10 0 . . . ω1d
...
...
. . .
...
ωd0 ωd1 . . . 0




rk0
0
...
k0


=


ω0d
rω10 + ω1d
...
ωd0


k0 (40)
and it follows
ω0d = 0,
ωi0 + rωid = 0, i = 1, 2, 3, 5, · · ·d− 1. (41)
All ωabM
ab with ωab subject to conditions (41) form the Lie algebra of the little group. We
choose the following basis of the little group Lie algebra
Πi = M
0i + rM id, i = 1, 2, 3, 5, · · · , d− 1
and all M ij , i, j = 1, 2, 3, 5, · · · , d− 1. (42)
One finds
[Πi,Πj ] = 0, [Πi,M
jk] = i(ηijΠk − η
ikΠj). (43)
We are interested only in discrete representations of the Poincare´ group. This means that
the states in the representation space can be labeled by the momentum and an additional
label for internal degrees of freedom, which can only have discrete values.
Lemma IV.1: For a discrete representation of the Poincare´ group operators Πi give zero.
Proof: We may arrange the representation space of the little group to be eigenvectors of
the commuting operators Πi of the little group
1
1We can diagonalize Πi since we are interested in unitary representations.
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Πi|Φa〉 = b
i
a|Φa〉. (44)
Here a stands for a set of quantum numbers. We make the rotation eiθM
ij
on a state |Φa〉
depending on the parameter θ and the operator M ij , with the particular choice of i and j.
Taking into account Eq.(43) we find
Πie
iθM ij |Φa〉 = (b
i
acosθ − b
j
asinθ)e
iθM ij |Φa〉,
Πje
iθM ij |Φa〉 = (b
i
asinθ + b
j
acosθ)e
iθM ij |Φa〉. (45)
It is obvious that the states eiθM
ij
|Φa〉 produce a continous set of eigenvalues for Π1, . . . ,Πd−1,
since θ is a continous parameter, which contradicts the discreteness of the label a. The only
exception occurs when biacosθ − b
j
asinθ = b
i
a and b
i
asinθ + b
j
acosθ = b
j
a for all θ. This
is only possible if bia = b
j
a = 0 for all a and each i, j. Therefore
Πi|Φa〉 = 0. (46)
We see that on the representation space of the little group with the choice ka =
(rk0, o, · · · , 0, k0), on which (L0i + rLid)|Φa〉 = (x
0ki − xik0 + rxikd − rxdki)|Φa〉 = 0 the
following holds
Πi|Φa〉 = Π
(int)
i |Φa〉 = 0, Π
(int)
i = (S
0i + rSid). (47)
It follows then that the only little group generators, which are not necessarily zero on the
representation space, areM ij , i, j = 1, 2, . . . , d−1 and they form the Lie algebra of SO(d−2).
We conclude that the irreducible discrete representations of the Poincare´ group in d(= 2n)
dimensions for massless particles are determined by the irreducible representations of the
group SO(d − 2). We will therefore denote the former with the same symbol as the latter
with an additional index r for the energy sign: (ln−1, ln−2, . . . , l2, l1; r)q.
The group SO(d−2) has (d−2)(d−3)
2
generators and according to the commutation relations
of Eq.(8), (d
2
−1) commuting generators and also (d
2
−1) quantum numbers which determine
a state |Φa〉.
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We now show the validity of the Eq.(2).
Lemma IV.2: On the representation space of an irreducible massless representation of
the Poincare´ group (ln−1, . . . , l1; r)q the equation (2) holds with
α = −ρr2n−1(n− 1)!(ln−1 + q(n− 2)) . . . (l2 + q)l1. (48)
Proof: First, we prove the lemma on the representation space of the little group for the
choice pa = (rk0, 0, . . . , 0, k0), r = ±1, k0 > 0. We begin with the cases a = 1, 2, . . . , d− 1 in
Eq.(2)
W a/ρ|Φa〉 = (ε
aa1
a2a3...ad−1pbM
a1a2Ma3a4 . . .)|Φa〉 =
= k0(rεa0a1a2...ad−3ad−2M
a1a2Ma3a4 . . .− εada1a2...ad−3ad−2M
a1a2Ma3a4 . . .)|Φa〉 =
= 2k0(n− 1)(rεa0da1a2...ad−3M
da1Ma2a3 . . .− εad0a1a2...ad−3M
0a1Ma2a3 . . .)|Φa〉 =
= 2k0(n− 1)(ε0daa1a2...ad−3(rM
da1 −M0a1)Ma2a3 . . .)|Φa〉 =
= −2k0(n− 1)αaiΠi|Φa〉 (49)
where
α
ai = ε0daia1a2···ad−4M
a1a2 · · ·Mad−5ad−4 , [Πi,αai] = 0. (50)
Eq.(46) concludes the proof for a = 1, 2, . . . , d− 1.
We now turn to the case a = 0
W 0/ρ|Φa〉 = (ε
0b
a1a2...ad−3ad−2pbM
a1a2Ma3a4 . . .)|Φa〉 =
= −k0(ε0da1a2...ad−3ad−2M
a1a2Ma3a4 . . .)|Φa〉 = (−r)p
0Γ˜d−2|Φa〉.
Eq.(48) holds according to the value of the handedness operator obtained in section III and
applied to the group SO(d− 2). The case a = d goes similarly
W d/ρ|Φa〉 = (ε
db
a1a2...ad−3ad−2pbM
a1a2Ma3a4 . . .)|Φa〉 =
= rk0(εd0a1a2...ad−3ad−2M
a1a2Ma3a4 . . .)|Φa〉 = (−r)p
dΓ˜d−2|Φa〉.
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Again, we point out that in all these derivations Mab can be replaced by Sab.
To prove Eq.(2) on the whole representation space, one only has to note that Eq.(2) is in
covariant form and must therefore hold generally. To put this explicitly: the linear hull of
the states |Φ′a〉 = U(Λ)|Φa〉, where |Φa〉 runs through the representation space of our little
group and Λ ∈ SO(1, d−1) (here U(Λ) denotes the unitary transformation belonging to the
element Λ ∈ SO(1, d− 1) in our representation), is dense in the whole representation space.
It is therefore sufficient to prove (2) for |Φ′a〉. This follows from
(W a − αpa)|Φ′a〉 = U(Λ)U(Λ)
−1(W a − αpa)U(Λ)|Φa〉 =
= U(Λ)(Λ−1)ab(W
b − αpb)|Φa〉 = 0.
It is proved that Eq.(2) with the parameter α from Eq.(48) holds on the Poincare´ group
representation (ln−1, . . . , l1; r)q. It is therefore a candidate for an equation of motion. Before
it can be admitted to that status we have to investigate its solutions. We do that in the
next section.
V. EQUATIONS OF MOTION.
In this section we investigate the solutions of the equations
(W a = αpa)|Φ〉, pap
a|Φ〉 = 0, (51)
on the space with internal Lorentz group SO(1, d− 1) representation (ln, ln−1, . . . , l2, l1)+1.
Since Eq.(51) is in a covariant form it is clear that the space of its solutions forms a rep-
resentation of the Poincare´ group. It also corresponds to massless particles as indicated by
the second equation in Eq.(51). What remains to be investigated is the irreducibility and
discreteness of solutions.
For irreducibility, we will allow only degeneracy in the sign of p0 (the energy) and no
degeneracy as far the internal degrees of freedom are concerned, since we don’t want the
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same equation to describe particles of different spins. As we will see, to provide both this
and the discreteness, the condition
α = −ρ2n−1(n− 1)!(ln−1 + (n− 2)) . . . (l2 + 1)l1 (52)
must be fulfilled. For d = 4 this is also the sufficient condition, while for dimensions d ≥ 6
for sufficiency the following condition must be added
l1 6= 0⇐⇒ Γ
(int) 6= 0. (53)
As shown in section IV, due to the covariant form of Eq.(51) the investigation of the Poincare´
representations formed by the solutions of Eq.(51) reduces to the investigation of the SO(d−
2)-representations formed by the solutions of Eq.(51) with pa = ka = (rk0, 0, . . . , 0, k0), r =
±1, k0 > 0.
We begin with the following lemma.
Lemma V.1 : On the space with internal Lorentz group SO(1, d − 1) representation
(ln, ln−1, . . . , l2, l1)r, states satisfying the discreteness condition of Eq.(47) for the little group,
form the SO(d − 2)-irreducible representation space (ln−1, . . . , l1)r, where the subgroup
SO(d− 2) ≤ SO(1, d− 1) acts on coordinates 1, 2, . . . , d− 1.
Proof: Eqs.(43) imply that the space of solutions {|Φa〉} of Eq.(47) forms an SO(d− 2)-
invariant space, where SO(d − 2) ≤ SO(1, d − 1) acts on coordinates 1, 2, . . . , d − 1. To
prove our lemma we must show that {|Φa〉} is irreducible and corresponds to the SO(d−2)-
representation (ln−1, . . . , l1)r. We do this by choosing any state |Φa〉 ∈ {|Φa〉} with a SO(d−
2)-dominant weight (with q = r) and proving both that it is unique (up to a scalar multiple)
and has SO(d− 2)-weight (ln−1, . . . , l1). This is possible because the SO(1, d− 1)-dominant
weight state is in {|Φa〉}, as shown by Eqs.(25) with q = r, Eq.(46) and Eq.(47). The set of
states {|Φa〉} is therefore not trivial. Since |Φa〉 has a SO(d− 2)-dominant weight, Eqs.(26)
and (27) must hold with q = r. Eq.(47) then implies Eq.(25) for q = r. Therefore, the state
|Φa〉 has a SO(1, d−1)-dominant weight (with q = r) and is therefore unique (up to a scalar
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multiple). Thus we have also proven that the corresponding representation of the Poincare´
group is determined by all but the first dominant weight component of the internal Lorentz
group representation. It is therefore (ln−1, ln−2, . . . , l2, l1)r as was to be shown.
Given any representation of the internal Lorentz group, say (ln, . . . , l1)+1, the only pos-
sible discrete Poincare´ representation are given by the previous lemma and Eq.(23): they
are
(ln−1, . . . , l1; +1)+1 and (−ln−1, . . . ,−l2, (−1)
n−1l1;−1)−1 = (ln−1, . . . , l2,−l1;−1)+1.
(54)
We note that in four dimensions in our notation (σ; r)q of the Poincare´ group representation
the quantum number σ is helicity since it is the eigenvalue of the operator S12. We have
therefore generalized the known result in four dimensions which states σ = rl1 ( [15], [16])
to general even-dimensional spaces.
So, according to Eq.(48) if we are to hope for the solutions of Eq.(51) to form a discrete
Poincare´ representation we must have α = −ρr2n−1(n−1)!(ln+n−1) . . . (l2+1)(rl1), which
is exactly Eq.(52).
We now answer the question: when are the solutions of the equations
(W a = αpa)|Φ〉, α = −ρ2n−1(n− 1)!(ln−1 + (n− 2)) . . . (l2 + 1)l1, pap
a|Φ〉 = 0, (55)
on the space with internal Lorentz group SO(1, d− 1) representation (ln, ln−1, . . . , l2, l1)+1,
exactly those described by Eq.(54) ? First, we deal with the simplest case of d = 4.
Lemma V.2 : On the space with internal Lorentz group SO(1, 3) representation (l2, l1)+1
the solutions of the Eq.(55) are exactly those of Eq.(54).
Proof: Again we choose pa = ka = (rk0, 0, . . . , 0, k0), r = ±1, k0 > 0. In this case, the
first equation of Eqs.(55), with a = 1, 2 reads as follows
(Π
(int)
2 = 0)|Φ〉, (56)
(Π
(int)
1 = 0)|Φ〉. (57)
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These are exactly Eq.(47) and according to lemma V.1 their solutions are listed in Eq.(54).
Finally, we note that (W 0 = αp0)|Φ〉 and (W 3 = αp3)|Φ〉 both give the equation S12|Φ〉 =
rl1|Φ〉 which agrees with Eq.(54) and therefore doesn’t impose any additional constraints to
the solutions of Eq.(54). This concludes the proof.
We shall now prove the general case d ≥ 6.
Lemma V.3 : On the space with the internal Lorentz group SO(1, d− 1) representation
(ln, ln−1, . . . , l1)+1, where
l1 6= 0⇐⇒ Γ
(int) 6= 0, (58)
the solutions of Eq.(55) are exactly those of Eq.(54).
Proof: We prove the lemma for the standard choice of the d-momentum pa =
(rk0, 0, . . . , 0, k0), r = ±1, k0 > 0. From the proof of lemma IV.2 we know that Eq.(55)
reads as follows
α
ijΠ
(int)
j |Φ〉 = 0, (59)
− ρε0da1a2...ad−3ad−2S
a1a2Sa3a4 . . . |Φ〉 = α|Φ〉, (60)
with αij = ε0dija1a2...ad−5ad−4S
a1a2Sa3a4 . . . for i, j = 1, 2, . . . , d − 1. By lemma V.1 it is
sufficient to show that every solution |Φ〉 of Eqs.(59, 60) satisfies the condition
Π
(int)
i |Φ〉 = 0, for i = 1, 2, . . . , d− 1. (61)
In what follows we take the definition of dominant weights (Eq.(20)) with q = r. According
to lemma V.1 and the discussion directly following this lemma the dominant weight of
the group SO(1, d − 1) satisfies both Eqs.(59, 60), so that we conclude that the space W
of solutions of Eq.(59) and Eq.(60) is nontrivial. It is also SO(d − 2)-invariant since the
following relations hold
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[αijΠ
(int)
j , S
kl] = i(ηikαljΠ
(int)
j − η
il
α
kjΠ
(int)
j ),
[ε0da1a2a3a4...ad−3ad−2S
a1a2Sa3a4 . . . Sad−3ad−2 , Skl] = 0,
for i, j, k, l = 1, 2, . . . , d − 1. To prove that Eq.(61) holds on W it suffices to prove that
Eq.(61) holds on any SO(d − 2)-dominant weight state in W. (By lemma V.1 this also
implies that W is irreducible and the SO(d − 2)-dominant weight state in W is therefore
unique up to a scalar multiple.) We therefore choose any SO(d− 2)-dominant weight state
|Φl〉 ∈ W. We designate its weight as (l
′
n−1, l
′
n−2, . . . , l
′
2, l
′
1)r. It follows from Eq.(60) that
α = −ρ2n−1(n− 1)!(l′n−1 + r(n− 2)) . . . (l
′
2 + r)l
′
1.
From Eq.(26) it follows that
α
1i′|Φl〉 = 2(n− 2)ε
0d
1i′2j′...S
2j′ . . . |Φl〉 =
= 2r(n− 2)ε0d1i′2j′...iS
1j′ . . . |Φl〉 = −irα
2i′ |Φl〉, (62)
for i′ = 3, 5, . . . , d − 1. If we add the equation with i = 2 from Eq.(59), which we first
multiply by irα12, to the equation with i = 1, we find taking into account Eq.(62) that
0 = ((Π
(int)
2 − irΠ
(int)
1 )α
12 +Π
(int)
i′ (α
1i′ + irα2i
′
))|Φl〉 = (Π
(int)
2 − irΠ
(int)
1 )α
12|Φl〉. (63)
Following similar techniques as in section III and taking into account Eq.(60), we find
α|Φl〉 = −ρε
0d
a1a2a3a4...S
a1a2Sa3a4 . . . |Φl〉 =
= −ρ2(n− 1)(S12 + r(n− 2))ε0d12a1a2...S
a1a2 . . . |Φl〉 =
= −ρ2(n− 1)(l′n−1 + r(n− 2))α
12|Φl〉
=⇒ α12|Φl〉 =
α
−ρ2(n− 1)(l′n−1 + r(n− 2))
|Φl〉. (64)
Since the condition l1 6= 0 implies α 6= 0 (Eq.(48)), we may conclude from Eq.(64) and
Eq.(63)
(Π
(int)
2 − irΠ
(int)
1 )|Φl〉 = 0. (65)
From Eqs. (59), (62), (65) we find
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0 = (Π
(int)
1 α
1i′ +Π
(int)
2 α
2i′ +Π
(int)
j′ α
j′i′)|Φl〉 =
= (−riΠ
(int)
1 α
2i′ +Π
(int)
2 α
2i′ +Π
(int)
j′ α
j′i′)|Φl〉 =
= −ir[Π
(int)
1 ,α
2i′]|Φl〉+α
2i′(−irΠ
(int)
1 +Π
(int)
2 )|Φl〉+Π
(int)
j′ α
j′i′|Φl〉 =
= −ir[Π
(int)
1 ,α
2i′]|Φl〉+Π
(int)
j′ α
j′i′|Φl〉 =
= 2r(n− 2)(Π
(int)
j′ ε
0d
12i′j′a1a2...S
a1a2 . . .)|Φl〉+Π
(int)
j′ α
j′i′ |Φl〉 =
= 2r(n− 2)(Π
(int)
j′ ε
0d
12i′j′a1a2...S
a1a2 . . .)|Φl〉+
+2r(n− 2)(Π
(int)
j′ (l
′
n−1 + r(n− 3))ε
0d
12i′j′a1a2...S
a1a2 . . .)|Φl〉 =
= 2r(n− 2)(l′n−1 + r(n− 2))Π
(int)
j′ (ε
0d
12i′j′a1a2...S
a1a2 . . .)|Φl〉
with indices i′, j′ = 3, 5, . . . , d− 1.
We summarize
Π
(int)
j (ε
0d12ij
a1a2a3a4...S
a1a2Sa3a4 . . .)|Φl〉 = 0 for all i. (66)
Now, we can repeat this process by using (27) to obtain
Π
(int)
j (ε
0d1234ij
a1a2a3a4...S
a1a2Sa3a4 . . .)|Φl〉 = 0 for all i (67)
and so on. Finally we arrive at
Π
(int)
j (ε
0d1234...(d−8)(d−7)ij
a1a2a3a4S
a1a2Sa3a4)|Φl〉 = 0 for all i, (68)
Π
(int)
j (ε
0d1234...(d−6)(d−5)ij
a1a2S
a1a2)|Φl〉 = 0 for all i (69)
and
Π
(int)
j (ε
0d1234...(d−4)(d−3)ij)|Φl〉 = 0 for all i. (70)
This obviously implies
Π
(int)
d−1 |Φl〉 = 0, Π
(int)
d−2 |Φl〉 = 0. (71)
We use this result in Eq.(69) for i = d− 4, d− 3 to find
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Π
(int)
d−3 S
d−2 d−1|Φl〉 = 0, Π
(int)
d−4 S
d−2 d−1|Φl〉 = 0. (72)
Since Sd−2 d−1|Φl〉 = l
′
1|Φl〉 and α 6= 0, Eq.(48) requires that l
′
1 6= 0 and we conclude from
Eq.(72)
Π
(int)
d−3 |Φl〉 = 0, Π
(int)
d−4 |Φl〉 = 0. (73)
Using this result and the one of Eq.(71) in Eq.(68) for i = d− 6, d− 5, we find
Π
(int)
d−5 ε
0d1234...(d−8)(d−7)(d−6)(d−5)
a1a2a3a4S
a1a2Sa3a4 |Φl〉 = 0,
Π
(int)
d−6 ε
0d1234...(d−8)(d−7)(d−6)(d−5)
a1a2a4a4S
a1a2Sa3a4 |Φl〉 = 0.
Again, the equality ε0d1234...(d−8)(d−7)(d−6)(d−5)a1a2a3a4S
a1a2Sa3a4 |Φl〉 = 8(l
′
2+r)l
′
1|Φl〉 and l
′
1 6= 0
implies that
Π
(int)
d−5 |Φl〉 = 0, Π
(int)
d−6 |Φl〉 = 0 (74)
and so on. Finally we find
Π
(int)
1 |Φl〉 = 0, Π
(int)
2 |Φl〉 = 0, (75)
which proves Π
(int)
i |Φl〉 = 0 for i = 1, 2, . . . , d− 1 and concludes the proof.
We may now write down the main result of this paper:
On the space with internal Lorentz group SO(1, d − 1) representation
(ln, ln−1, . . . , l1)+1, (l1 6= 0) the equation
(W a = αpa)|Φ〉, with α = −ρ2n−1(n− 1)!(ln−1 + n− 2) . . . (l2 + 1)l1 (76)
is the equation of motion for massless particles corresponding to the following representations
of the Poincare´ group
(ln−1, . . . , l1; +1)+1 and (ln−1, . . . ,−l1;−1)+1, (77)
where the masslessness condition (pap
a − 0)|Φ〉 is not needed, since it follows from (76).
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With the aid of Eqs. (36), (37) the equation of motion can also be written as
(W a = |α|Γ(int)pa)|Φ〉, |α| = ρ2n−1(n− 1)!(ln−1 + n− 2) . . . (l2 + 1)|l1|. (78)
This equation is convenient when dealing with positive and negative handedness on the same
footing (an example of this is the Dirac equation) since |α| is independent of the sign of l1.
We note that the particular value of ρ is irrelevant in Eqs. (76), (78) since ρ is found in
both the lefthand and the righthand side of the equations and thus cancels out. The value of
ρ becomes relevant when dealing with the particular spin (i.e. in the next section) when it is
used to insure that the operators Si have the familiar values independent of the dimension.
Making a choice of a = 0 one finds
(
−→
S .−→p = |α|Γ(int)p0)|Φ〉. (79)
Since (Γ(int))2 = 1, one immediately finds that |α| = |
−→
S .−→p |/|p0|. We shall comment that for
spinors Eq.(79) is equivalent to Eq.(78), while for vectors Eq.(78) gives additional condition
to Eq.(79).
VI. DISCUSSIONS ON EXAMPLES.
We have shown in previous sections that massless fields in d = 2n-dimensional spaces,
if having the Poincare´ symmetry, obey the linear equations of motion. We shall present in
this section the equations of motion for massless fields in d = 2n dimensional spaces for two
types of fields, which we call [3–8] spinorial and vectorial fields, respectively. Spinorial fields
are defined by the generators of the Lorentz transformations, which fulfil Eq.(7) and are
represented by (1
2
, . . . ,±1
2
)+1. The irreducible representations of the internal Lorentz group
for vectorial fields are given by (1, . . . ,±1)+1. We shall later define the generators of the
Lorentz group for the vectorial internal space in any dimension d = 2n (see Eq.(85)).
Although both kinds of fields can be treated in an ordinary way, that is by using the
group theoretical approaches, which determine properties of states of an irreducible repre-
sentation by defining the operation of the generators of the group on a state without going
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into any representation, just as we have done in sections above, we shall use the space of
anicommuting d = 2n coordinates to describe the internal degrees of freedom (it is the
spin degree of freedom in our case) for both types of fields mentioned above, representing
states as polynomials of the anticommuting coordinates. We shall do that, because this
way offers a very simple and transparent presentation of operators in any dimension, as well
as of representations. We shall follow the approach of one of us [3,4,7], using Grassmann
coordinates. As it was proven in ref. [9] we could as well use differential forms instead of
Grassmann coordinates. At the end we shall comment on results.
We briefly review the description of the internal space we use [7]. It is the Grassmann
space (also known as the exterior algebra) spanned over 2n-dimensional vector space; we
denote it as Λ2n. Formally, this space is the space spanned by 2n variables
θ0, θ1, . . . , θ2n (80)
and their products, where the following anticommutation relations hold
{θa, θb} = θaθb + θaθb = 0, a, b = 0, 1, . . . , 2n. (81)
We use the symbol θa to also denote the operator of multiplication with the variable θa.
Accordingly, relations (81) hold for θa as operators also. The operator of differentiation ∂
∂θa
is defined as follows
∂
∂θa
(θa1 . . . θap) =


0, if a 6= a1, . . . , ak,
(−1)l−1θa1 . . . θal−1θal+1 . . . θap , if a = al
, (82)
if we assume that the differentiation is allways performed from the left.
We denote pθa = −i
∂
∂θa
. It is easily checked that the following anticommutation relations
hold
{θa, θb} = {paθ , p
b
θ} = 0, {θ
a, pbθ} = −iη
ab. (83)
Following the references [3,7], we define the generators of the internal Lorentz group. For
spinors they are
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Sabs = −
i
4
[aa, ab], where aa = i(paθ − iθ
a), (84)
with [aa, ab] = aaab − abaa, and for vectors they are
Sabv = θ
apbθ − θ
bpaθ . (85)
Both Sabs and S
ab
v satisfy Lorentz group commutation relations and therefore furnish a rep-
resentation of the Lorentz group. For operators aa the following anticommutation relations
hold
{aa, ab} = 2ηab. (86)
We shall first comment on the representations for the spinorial case and derive the
corresponding equations of motion for spinorial massless fields in d = 2n. Later we shall do
the same for vectorial massless fields.
A. Spinors.
We introduce the following definitions for the handedness operator and the Pauli-
Ljubanski vector (β = i2
n
d!
, ρ = 2
n−2
(d−2)!
)
Γ(int) = i
2n
d!
εa1a2...ad−1adS
a1a2
s S
a3a4
s . . . = −(−i)
n+1a0a1 . . . a2n, (87)
W a =
2n−2
(d− 2)!
εaa1a2a3...ad−1pa1S
a2a3
s S
a4a5
s . . . =
(−i)n−1
2
pba
aab (a0a1 . . . a2n). (88)
This ensures Γ(int)
2
= 1 which implies l1 6= 0 for all irreducible representations (ln, . . . , l1)+1
into which the representation space decomposes. Then we must have |l1| ≥
1
2
and by the
equation (36) this implies |Γ(int)| ≥ 1 where equality is achieved for ln = ln−1 = . . . =
|l1| =
1
2
. Since this is our case we conclude that we are dealing with the representations
(1
2
, . . . , 1
2
,±1
2
)+1. For d = 6 we present in Table I the basis for two of the irreducible
representations (1
2
, 1
2
,±1
2
) our internal space decomposes into.
We now proceed to determination of the equations of motion. First we introduce the
operators
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S¯s
ab
=
2n−2
(d− 2)!
εaba1a2...ad−2S
a1a2
s S
a3a4
s . . . =
(−i)n−1
2
aaab (a0a1 . . . a2n). (89)
and state
Lemma VIA.1 : It holds
S¯s
ab
= −iΓ(int)Sabs . (90)
Proof: Obvious from our previous definitions.
We now state our equation of motion. It is Eq.(78) and it reads
(W a = pbS¯s
ab
=
1
2
Γ(int)pa)|Φ〉. (91)
Now, the lemma VIA.1 implies that this is equivalent to
(−ipbΓ
(int)Sabs =
1
2
Γ(int)pa)|Φ〉. (92)
Taking into account the definition Sabs = −
i
2
(aaab−ηab) and multiplying the above equation
by 2Γ(int) we obtain
(−pb(a
aab − ηab) = pa)|Φ〉 (93)
which upon multiplication by aa implies
pba
b|Φ〉 = 0. (94)
By reversing this process we may show that Eq. (94) implies Eq. (78). It is therefore
our equation of motion. For d = 4 we may recognize it as the Weyl-like equation. Fur-
ther discussions about this equation of motion can be found in references [7,9] and other
references included in these papers. We may also check, that by multiplying Eq.(94) by
−(−i)n+1
∏
a6=0 a
a, Eq.(94) is equivalent to
(Γ(int)p0 = 2
−→
Ss.
−→p )|Φ〉. (95)
Defining γa matrices for any [17,9] d and replacing aa by γa, we could repeat all the
above derivations and end up with the Dirac equation for spinors in d-dimensional spaces.
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B. Vectors.
We take the following definition of the handedness operator (β = i
2nn!2
)
Γ(int) =
i
2nn!2
εa1a2...ad−1adS
a1a2
v S
a3a4
v . . . =
i
n!2
εa1a2...ad−1adθ
a1pa2θ θ
a3pa4θ . . . . (96)
We limit our attention to the subspace Λn spanned by n-monomials of the form
θa1θa2 . . . θan , a1, . . . , an = 0, 1, . . . , 2n. (97)
On this subspace it obviously holds
((Γ(int))2 = 1)|Φ〉, (98)
from where we conclude that l1 6= 0 for all irreducible representations (ln, . . . , l1)+1 into
which Λn decomposes. It is easily checked that
(Sabv Sv ab)
2 = Sabv Sv ab, (no summation over a, b) (99)
which implies that (in absolute value) the possible values for Sabv are 0, 1. Since l1 is nonzero,
we conclude from Eq.(36) that |Γ(int)| ≥ 1 where equality is achieved for
ln = ln−1 = . . . = |l1| = 1. (100)
Therefore, equation (98) implies Eq.(100). For d = 6 we present in Table II the basis for
the irreducible representation (1, 1, 1).
We now proceed to the formulation of the equation of motion on Λn. We take ρ =
1
2n−1(n−1)!2
in the definition of the Pauli-Ljubanski vector
W a =
1
2n−1(n− 1)!2
εaa1a2a3...ad−1pa1S
a2a3
v S
a4a5
v . . . =
=
1
(n− 1)!2
εaa1a2a3...ad−1pa1θ
a2pa3θ θ
a4pa5θ . . . = pbS¯v
ab
(101)
where we have introduced
S¯v
ab
=
1
(n− 1)!2
εaba1a2...ad−3ad−2θ
a1pa2θ θ
a3pa4θ . . . . (102)
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Before formulating the equations of motion we prove
Lemma VIB.1 : On the space Λn it holds
(S¯v
ab
= −iΓ(int)Sabv )|Φ〉. (103)
Proof: We fix a, b = 0, 1, . . . , 2n and write
Γ(int) =
i
n!2
(
n(n− 1)paθp
b
θεaba1a2...ad−2θ
a1θa2θa3pa4θ . . .+
+n(n− 1)θaθbεaba1a2...ad−2p
a1
θ p
a2
θ θ
a3pa4θ . . .+ n
2Sabv [S¯v ab(n− 1)!
2]
)
. (104)
Multiplying this by Sv ab = θapθb − θbpθa and ¯Sv ab respectively we obtain
Γ(int)Sv ab = i(S
ab
v Sv ab)S¯v ab, (no summation over a, b) (105)
Γ(int)S¯v ab = i(S¯v
ab
S¯v ab)Sv ab. (no summation over a, b) (106)
Taking into account the equations (98), (99), (105), (106) we obtain
iS¯v ab|Φ〉 = (iS¯v ab(1− S
ab
v Sv ab) + iS¯v abS
ab
v Sv ab)|Φ〉 =
= (−Γ(int)S¯v abS¯v
ab
Sv ab(1− S
ab
v Sv ab) + Γ
(int)Sv ab)|Φ〉 =
= (−iS¯v abS¯v
ab
S¯v ab(S
ab
v Sv ab)(1− S
ab
v Sv ab) + Γ
(int)Sv ab)|Φ〉 =
= Γ(int)Sv ab|Φ〉, (no summation over a, b).
We may now write our equations of motion (78)
(pbS¯v
ab
= Γ(int)pa)|Φ〉. (107)
With the equation (103) this is equivalent to
(pbS
ab
v = ip
a)|Φ〉 (108)
or
28
(pb(θ
apbθ − θ
bpaθ) = ip
a)|Φ〉. (109)
We multiply the last equation by paθθa (no summation over a) to obtain
(paθ(pbθ
b) = 0)|Φ〉. (110)
Since this holds for every a we may conclude
(pbθ
b = 0)|Φ〉. (111)
We similarly obtain
(pbp
b
θ = 0)|Φ〉. (112)
The equations (111), (112) are also easily shown to imply (108) : one simply multiplies Eqs.
(111), (112) by pθa, θa, respectively, and adds the two equations. Therefore (111) and (112)
are the equations of motion.
The above discussion also shows that Eq.(79), which is a special case a = 0 of Eq.(78),
is not equivalent to Eq.(78) for vectors. It is equivalent to (110) with b = 0 which in general
does not imply (111). Therefore in the case of vectors (and in general) Eq.(79) must be
complemented by additional equations to ensure that it is the equation of motion. These
additional equations are of course the remaining equations a = 1, 2, . . . of (78).
Finally we show that the obtained equations of motion are the generalized Maxwell
equations [15]. The space Λn may be identified with the space of totally antisymmetric
n-tensor F a1a2...an with the correspondence [18]
θa1θa2 . . . θan ∈ Λn ←→ F
c1c2...cn =
1
n!
εc1c2...cnb1b2...bnε
b1b2...bn
a1a2...an . (113)
Then Eqs.(111), (112) may be written as
paF
aa1...an−1 = paε
aa1...an−1
b1b2...bnF
b1b2...bn = 0, (114)
which are the generalized Maxwell equations.
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TABLES
TABLE I. Two of the spinorial irreducible representations of the Lorentz group with (12 ,
1
2 ,
±1
2 )
in the Grassmann space for d = 6. The dominant weight state is listed first, so the first represen-
tations corresponds to (12 ,
1
2 ,
1
2) and the second to (
1
2 ,
1
2 ,−
1
2).
|Φ〉 S06s S
12
s S
35
s Γ
(int)
(θ0 + θ6)(θ1 − iθ2)(θ3 − iθ5) i2
1
2
1
2 −1
(1 + θ0θ6)(θ1 − iθ2)(1 + iθ3θ5) − i2
1
2 −
1
2 −1
(θ0 + θ6)(1 + iθ1θ2)(1 + iθ3θ5) i2 −
1
2 −
1
2 −1
(1 + θ0θ6)(1 + iθ1θ2)(θ3 − iθ5) − i2 −
1
2
1
2 −1
(θ0 + θ6)(θ1 − iθ2)(θ3 + iθ5) i2
1
2 −
1
2 1
(1 + θ0θ6)(θ1 − iθ2)(1− iθ3θ5) − i2
1
2
1
2 1
(θ0 + θ6)(1 + iθ1θ2)(1− iθ3θ5) i2 −
1
2
1
2 1
(1 + θ0θ6)(1 + iθ1θ2)(θ3 + iθ5) − i2 −
1
2 −
1
2 1
34
TABLE II. One of the vectorial irreducible representations with (1, 1, 1) of the Lorentz group
in the Grassmann space for d = 6. The dominant weight state is listed first.
|Φ〉 S06v S
12
v S
35
v Γ
(int)
(θ0 + θ6)(θ1 − iθ2)(θ3 − iθ5) i 1 1 −1
(θ0 + θ6)(θ1 + iθ2)(θ3 + iθ5) i −1 −1 −1
(θ0 − θ6)(θ1 − iθ2)(θ3 + iθ5) −i 1 −1 −1
(θ0 − θ6)(θ1 + iθ2)(θ3 − iθ5) −i −1 1 −1
(θ0θ6 + iθ1θ2)(θ3 − iθ5) 0 0 1 −1
(θ0θ6 + iθ3θ5)(θ1 − iθ2) 0 1 0 −1
(θ0 + θ6)(θ1θ2 − θ3θ5) i 0 0 −1
(θ0θ6 − iθ1θ2)(θ3 + iθ5) 0 0 1 −1
(θ0θ6 − iθ3θ5)(θ1 + iθ2) 0 1 0 −1
(θ0 − θ6)(θ1θ2 + θ3θ5) i 0 0 −1
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